Abstract. It is proven that every commutative semihereditary Bezout ring in which any regular element is Gelfand (adequate), is an elementary divisor ring. In a recent paper by Shores [12], we obtain a complete characterization of semihereditary elementary divisor ring through its homomorphic images. This result will be pivotal in our work.
Proposition is proved. Proposition 5. Let R be such a ring that for any elements a, b ∈ R there exist such elements d, a 0 , b 0 ∈ R that a = da 0 , b = db 0 and a 0 R + b 0 R = R. Then R is a Bezout ring of stable range 2.
Proof. Since a 0 R + b 0 R = R and a = da 0 , b = db 0 we have a 0 u + b o v = 1 and au + bv = d. It implies that d ∈ aR + bR, i.e. dR ⊂ aR + bR. Since a = da 0 , b = db 0 , we have aR + bR ⊂ dR, and therefore aR + bR = dR, i.e. R is a Bezout ring.
Next we show that the ring R is a ring of stable range 2. Let aR + bR + cR = R. According to the restrictions imposed on R, we have a = da 0 , b = db 0 and a 0 R+b 0 R = R for some elements a 0 , b 0 ∈ R. Since a 0 R + b 0 R = R we have a 0 u + b 0 v = 1 for some elements u, v ∈ R. Then (a − cv)(−b 0 ) + (b + cu)a 0 = −ab 0 + ba 0 + c(a 0 u + b 0 v). Since ab 0 = ba 0 and a 0 u + b 0 v = 1, we have (a − cv)(−b 0 ) + (b + cu)a 0 = c. In addition, we obtain (a−cv)u+(b+cu)v = au−cvu+bv+cuv = au+bv = d. Since aR+bR+cR = R and aR + bR = dR we obtain dR + cR = R. Then (a + c(−v))R + (b + cu)R = R i.e., R is a ring of stable range 2.
Proposition is proved. Mc Adam S. and Swan R. G. [5] studied comaximal factorization in commutative rings. Following them, we give the following definitions. Definition 1. A nonzero element a of a ring R is called inpseudo-irreducible if for any representation a = b · c we have bR + cR = R. Definition 2. An element a of a ring R is called pseudo-irreducible if for any representation a = b · c, where b, c / ∈ U(R), we have bR + cR = R. For example, for the ring of integers Z: 6 is inpseudo-irreducible element, and 4 is pseudo-irreducible element.
Definition 3. A nonzero element a ∈ R is called a regular element if a is not a zero divisor of R.
Proposition 6. Let R be a Bezout ring and a is a regular inpseudo-irreducible element of R. Then R/aR is a reduced ring.
Proof. LetR = R/aR andx = x + aR,x n =0 for some n ∈ N. Obviously thatx / ∈ U(R). Let xR + aR = dR. Sincex / ∈ U(R) by Proposition 3, we have that d / ∈ U(R). In this case x = dx 0 , a = da 0 and xu + av = d for some elements x 0 , a 0 , u, v ∈ R. Then d(1 − x 0 u − a 0 v) = 0. Since d = 0 and d is a divisor of the regular element a we have x 0 u+a 0 v = 1. Since a is an inpseudo-irreducible element and a = da 0 , we obtain that a 0 R+dR = R. As we have already proved that a 0 R+x 0 R = R and a 0 R + dR = R we obtain, that a 0 R + xR = R. Whereasx n =0, we have x n = at for some element t ∈ R. By x = dx 0 , a = da 0 and x n = at we have that d n x n 0 = da 0 t,
we have a 0 ∈ U(R), i.e. xR ⊂ aR. It follows that R/aR is a reduced ring.
Proposition is proved. Proposition 7. Let R be a Bezout ring and a is a regular element of R. Then an annihilator of each element of R/aR is a principal ideal.
Proof. LetR = R/aR and letb = b + aR be any nonzero element ofR. Let Annb = {x ∈R|xb =0}, wherex = x + aR. Asx =0 it is clear that bx = ay for some element y ∈ R. Since R is a Bezout ring, aR + bR = dR and a
is a nonzero divisor of the regular element a, we have a 0 u + b 0 v = 1. Then we get the following relationships b 0 x = a 0 y, a 0 ux+b 0 vx = x and x = a 0 ux+a 0 yv. Then x ∈ a 0 R. From a 0 b = ab 0 it follows thatā 0 ∈ Annb. From the arbitrariness of the elementx and from the conditions x ∈ a 0 R andā 0 ∈ Annb, we obtain that Annb =ā 0R . Moreover, Annb =ā 0R .
Proposition is proved. Remark 1. Let R be a Bezout ring and a ∈ R is a regular element. LetR = R/aR. By Proposition 7 we have that Annb = a 0R for any elementb = b + aR, where aR + bR = dR, and a = a 0 d, b = b 0 d, au + bv = d. Then obviously Annā 0 =dR and since au + bv = d, we obtain that Ann(Annb) =bR for any elementb ∈R.
Proposition 8. Let R be a Bezout ring and a is a regular element of R. Then R/aR is a reduced ring iff a is an inpseudo-irreducible element.
Proof. LetR = R/aR be a reduced ring. Let a = b · c and bR + cR = dR, where
SinceR is reduced, we have bc 0 = at for some element t ∈ R. It follows that bc = a = adt and by regularity of the element a we obtain dt = 1, i.e. a is an inpseudo-irreducible element.
By Proposition 6, Proposition is proved. From the Propositions 6, 7, 8 we will obtain the following results. Theorem 9. Let R be a Bezout ring of stable range 2. A regular element a ∈ R is inpseudo-irreducible iff R/aR is a von Neuman regular ring.
Proof. Let us prove the necessity, namely, we will show that R/aR is a von Neuman regular ring.
By Proposition 6, we have thatR = R/aR is a reduced ring. By Proposition 7, we have that inR annihilator Annb of each elementb ∈R is a principal ideal, i.e. Annb =ᾱR. Let us see thatbR ∩ᾱR = {0}. Indeed, letk ∈bR ∩ᾱR, i.e.k =bt =ᾱs for some elementst,s ∈R. Thenk 2 =btᾱs =bᾱts =0ts =0. SinceR is reduced, we obtaink =0, sobR ∩ᾱR = {0}.
Next, note thatR is a commutative Bezout ring of stable range 2. LetbR+ᾱR =δR. Then by Proposition 4, we haveb =b 0δ ,ᾱ =ᾱ 0δ andb 0R +ᾱ 0R =R for some elements b 0 ,ᾱ 0 ∈R. Sinceb 0ᾱbᾱ0 ∈bR ∩ᾱR, thenb 0ᾱ =bᾱ 0 =0. Sincebᾱ 0 =0, then α 0 ∈ Annb =ᾱR, i.e.ᾱ 0 =ᾱt for some elementt ∈R. Then
By Remark 1, we have Annα =bR. Let us considerb 0ᾱ =0, thenb 0 ∈ Annᾱ =bR, i.e.b 0 ∈bR. Thus we provedᾱ 0R ⊂ᾱR andb 0R ⊂bR. Therefore R =ᾱ 0R +b 0R ⊂ᾱR +bR ⇒ᾱR +bR =R.
Thenbū +ᾱv =1 for some elementsū,v ∈R. Sincebᾱ =0, we obtainb 2ū =b, i.e. b is a von Neumann regular element andR is a von Neumann regular ring.
Since the commutative von Neumann regular ring is reduced, sufficiency follows from Proposition 8.
Definition 4. An element a ∈ R is called an element of almost stable range 1 if the ring R/aR is a ring of stable range 1.
Since the commutative von Neumann regular ring is a ring of stable range 1 [16] , we obtain the following result.
Corollary 10. Let R be a Bezout ring of stable range 2. A regular inpseudoirreducible element is an element of almost stable range 1. Now consider the case of an pseudo-irreducible element.
As it is well-known, a ring is said to be indecomposable if it cannot be decomposed into a direct sum of two or more non-trivial ideals. A ring R is an indecomposable ring if and only if 1 is the only non-zero idempotent of R.
Theorem 11. Let R be a Bezout ring of stable range 2. A regular element a ∈ R is pseudo-irreducible iff R/aR is an indecomposable ring.
Proof. Let a ∈ R be a regular pseudo-irreducible element, and letē = e + aR, e 2 =ē. Thenē(1 −ē) =0, i.e. e(1 − e) = at for some element t ∈ R. Assume that e =0, i.e. e / ∈ aR, andē =1, i.e. eR + aR = R and e / ∈ aR. Let eR + aR = dR. By proposition 4, we have e = e 0 d, a = a 0 d, and e 0 R + a 9 R = R, where d / ∈ U(R) and a 0 / ∈ U(R). Since a is a regular element, we have e 0 (1 − e) = a 0 t. From the condition e 0 R + a 0 R = R, it follows that e 0 u + a 0 v = 1 for some elements u, v ∈ R. Then (1 − e)e 0 u + (1 − e)a 0 v = 1 − e and by e 0 (1 − e) = a 0 t we have a 0 (ut + (1 − e)v = 1 − e, i.e. a 0 α + e = 1 for some element α ∈ R. Then a 0 R + eR = R and a 0 R + dR = R, i.e. we obtain that a = da 0 where d / ∈ U(R), a 0 / ∈ U(R) and dR + a 0 R = R. We obtain the contradiction, thereforeR is an indecomposable ring.
Let R/aR be an indecomposable ring. Suppose that a is not an pseudo-irreducible element, i.e. a = bc, where b / ∈ U(R), c / ∈ U(R) and bR + cR = R for some elements b, c ∈ R, and bu + cv = 1 for some elements u, v ∈ R. Thenb 2ū =b, whereb = b + aR,ū = u + aR. SinceR is an indecomposable ring and bybū =ē,ē 2 =ē, we havebū =0 orbū =1. Ifūū =0 then bu = ct for some element t ∈ R. It follows that at + cu = 1, i.e. c ∈ U(R) but this is impossible. Ifbū =1 then by Proposition 3, it follows that aR + bR = R. Since a = bc, we obtain that b ∈ U(R) and this is impossible. Thus we proved that a is an pseudo-irreducible element.
Theorem is proved. A basic property of clean rings is that any homomorphic image of a clean ring is again clean. This leads to the definition of a neat ring.
Definition 4. A ring R is a neat ring if every nontrivial homomorphic image of R is clean [7] .
Let R be a ring in which for each regular element a ∈ R, the ring R/aR is a clean ring (for example R is a neat Bezout ring). Then by Theorem 11, we have that the regular element a is pseudo-irreducible iff R/aR is a local ring, i.e. the element a is contained in a unique maximal ideal. For a principal ideal domain R, the pseudoirreducible elements will be elements of the form p n , where p is an atom of R and n ∈ N. But this will not always be the case. For example, let
Here the element x is pseudo-irreducible, but the ring R/xR is not local. Definition 5. Let R be a Bezout ring. An element a ∈ R is called an adequate element if for every b ∈ R there exist such r, s ∈ R that (i) a = rs, (ii) rR + bR = R, and (iii) for each non-unit divisor s ′ of s, we have s ′ R + bR = R. If every non-zero element of R is adequate, the ring R is called an adequate ring. Theorem 12. Let R be a Bezout ring of stable range 2. A regular element a ∈ R is an adequate element iff R/aR is a semiregular ring.
Proof. Letb = b + aR be a non-zero and non-invertible element ofR = R/aR. Since a is an adequate element of R, we have a = rs, where rR + bR = R, and s ′ R + bR = R for every non-unit divisor s ′ of s. Note that rR + sR = R. Indeed, otherwise rR + sR = hR = R, then, according to the definition of an adequate element a, we, on the one hand, obtain that hR + bR = R (h is a divisor of r), and on the other hand, hR+bR = R (h is non-unit divisor of element s), which is imposible. This means that rR + sR = R and ru + sv = 1 for some elements u, v ∈ R. ThenrR +sR =R, wherer = r + aR,s = s + aR. By analogy, we get thatrR +bR =R.
Denoteē =sv, thenē 2 =sv(1 −rū) =sv =ē and then1 −ē =rū. Sincē rR +bR =R andr 2ū =ū, we have (1 −ē)R +bR =R. It follows thatē ∈bR and mspec(b) ⊂ mspec(ē). Let there existsM ∈ mspec(1 −ē) andb / ∈M . Then M +bR =R, i.e.m +bt =1, wherem ∈M ,t ∈R.
LetēR +mR =dR. Fromē,m ∈M it follows thatd ∈M . Sinced is a non-unit divisor ofsv and fromsv =ē ands 2v =s, it follows thatd is a non-unit divisor ofs. ThenbR +dR =R. ButR =bR +mR ⊂bR +dR =R, that is impossible. Hence, mspec(b) = mspec(ē).
We will prove thatb(1 −ē) ∈ J(R). LetM ∈ mspec(R). Sinceē(1 −ē) =0, we have mspec(ē) ∪ mspec(1 −ē) = mspec(R). IfM ∈ mspec(ē), we have thatb ∈M and ifM ∈ mspec(1 −ē) we have thatb(1 −ē) ∈M . So, we got thatb(1 −ē) ∈ J(R) and e ∈bR. As a result by [8] , we obtain thatR is a semi-regular ring.
LetR be a semi-regular ring. Then for anyb ∈R there exists such idempotentē thatē ∈bR andb(1 −ē) ∈ J(R).
Letd be any non-unit divisor of the elementē, i.e.ē =dē 1 for some element e 1 . LetdR +bR =R. Ifd is a non-unit element R, then there exists maximal ideal M ∈ mspec(R) such thatd ∈M. Sinceb(1 −ē) ∈ J(R), we haveb(1 −ē) ∈M . Then b ∈M or (1 −ē) ∈M . Ifb ∈M we have that1 ∈M and this is impossible. If (1 −ē) ∈M and sinced ∈M , we obtain thatē =dē 1 ∈M . This is impossible becausē e ∈bR. Putr =1 −ē,s =ē we get that0 =rs whererR +bR =R ands ′R +bR =R for each non-unit divisors ′ ofs. Therefore, there exist such elements t, u, v ∈ R that ru+bv = 1+at. Let aR+rR = δR. Then by Proposition 4, we have a = δa 0 , r = δr 0 and a 0 R + r 0 R = R for some elements a 0 , r 0 ∈ R. hence, it follows that δR + bR = R and sincers =0, we see rs = aα for some element α ∈ R. So δr 0 s = δa 0 α and δ(r 0 s − a 0 α) = 0. Since δ is a nonzero divisor of a regular element, we have r 0 s − a 0 α = 0. From a 0 R + r 0 R = R it follows that there exist such elements k, t ∈ R that a 0 k + r 0 t = 1. This means that a 0 ks + r 0 ts = s, i.e. a 0 β = s, β ∈ R. Thus, a = δa 0 , where δR+ bR = R and sR ⊂ a 0 R. Let j be such a non-unit divisor of the element a 0 that jR + bR = R and aR ⊂ jR.
HencejR +bR =R, but we get a contradiction with the condition thatj is a non-unit divisor ofs. Obtained contradiction shows that a = δa 0 , where δR + bR = R and a ′ 0 R + bR = R for any non-unit divisor a ′ 0 of the element a 0 . Taking into account that b is an arbitrary element of R, we obtain that a is an adequate element of R.
The theorem is proved.
As an obvious consequence of "Test Shores" and Theorem 12, we obtain the following result.
Theorem 13. Let R be a semihereditary Bezout ring, in which every regular element is adequate. Then R is an elementary divisor ring.
Proof. Since a semihereditary Bezout ring is a ring of stable range 2 [13] , and for any regular element a ∈ R, the ring R/aR is a semi-regular ring, we obtain that the ring R/aR is a ring of stable range 1 [16] . By [13] , R/aR is an elementary divisor ring. And by "Test Shores" we have that R is an elementary divisor ring.
The theorem is proved. Definition 6. An element a of a ring R is said to be avoidable if for any elements b, c ∈ R such that aR + bR + cR = R there exist such elements r, s ∈ R that a = rs, rR + bR = R, sR + cR = R, and rR + sR = R. A ring R is called avoidable if every its nonzero element is avoidable.
It is easy to see that any adequate element is avoidable. Theorem 14. Let R be a Bezout ring of stable range 2. A regular element a ∈ R is avoidable element iff R/aR is a clean ring.
Proof. Let aR + bR + cR = R, a = 0 and a = rs, where rR + bR = R, sR + cR = R, and rR + sR = R. Denoter = r + aR,s = s + aR. Since rR + sR = R, we have ru + sv = 1 for some elements u, v ∈ R. Thenr 2ū =r,s 2v =s. Denoterū =ē, then e 2 =ē andsv =1 −ē.
SincerR +bR =R, we have1 −ē ∈bR. Similarly, sincesR +cR =R, we havē e ∈cR.
We proved that for anyb,c ∈R there exists an idempotentē ∈R such thatē ∈bR and (1 −ē) ∈cR, i,e.R is an exange ring. By [9] ,R is a clean ring.
Suppose thatR = R/aR is a clean ring and aR + bR + cR = R. Denoteb = b + aR,c = c + aR. SinceR is a clean ring, there exists an idempotentē ∈R such that e ∈bR and (1 −ē) ∈cR. From these conditions we get e + bp = as for some elements p, s ∈ R, and, similarly, 1 − e + cα = aβ for some elements α, β ∈ R. Sinceē =ē 2 , we obtain e(1 − e) = at for some element t ∈ R. Let eR + aR = dR. By Proposition 4, we have e = de 0 , a = da 0 and e 0 R + a 0 R = R for some elements e 0 , a 0 ∈ R. Then e + a 0 j = 1 for some element j ∈ R. Taking r = a 0 , s = d, we obtain the decomposition a = rs. Since e+bp = as, rR+bR = a 0 R+bR = R, and, similarly, since 1−e+cα = aβ, we have sR + cR = dR + cR = R and obviously rR + bR = a 0 R + dR = R.
As in the case of Theorem 13, we obtain the following result.
Theorem 15. Let R be a semihereditary Bezout ring in which every regular element is avoidable. Then R is an elementary divisor ring. Now we will investigate the case when R is a Bezout ring of stable range 2 and R/aR is a semipotent ring.
Definition 7. An element a of a ring R is said to be semipotent if for any element b ∈ R such that b / ∈ J(aR) there exist such non-unit elements r, s ∈ R that a = rs, rR + bR = R and rR + sR = R.
Recall that a ring R is a semipotent ring, also called I 0 ring by Nicholson [8] , if every principal ideal not contained in J(R) contains a nonzero idempotent. Examples of these rings include: (a) Exchange and clean rings (see [9] ), (b) Endomorphism rings of injective modules (see [8] ), (c) Endomorphism rings of regular modules in the sense Zelmanowitez (see [18] ).
Theorem 16. Let R be a Bezout ring of stable range 2. A regular element a ∈ R is a semipotent element iff R/aR is a semipotent ring.
Proof. Let a = rs, where rR + bR = R, and rR + sR = R for each b / ∈ J(aR). Since rR + sR = R, we have ru + sv = 1 for some elements u, v ∈ R. Thenr 2ū =r,s 2v =s. Letrū =ē, thenē 2 =ē andsv =1 −ē. From equality rR + bR = R, it follows that rx + by = 1 for some elements x, y ∈ R. Then1 −ē ∈bR. LetR = R/aR be a semipotent ring andb be an arbitrary element ofR such that b / ∈ J(R). Then there exists a nontrivial idempotentē ∈R such thatē ∈bR. Sincē e 2 =ē, we have e(1 − e) = as for some element s ∈ R. In addition, we have e − bt = ak becauseē ∈bR. Let aR + eR = dR. By Proposition 4, we have e = de 0 , a = da 0 and e 0 R + a 0 R = R for some elements e 0 , a 0 ∈ R. Since the element a is regular and e(1 − e) = as, we obtain a 0 R + eR = R. Then a 0 p + eq = 1 for some elements p, q ∈ R. Since e = ak + bt, we have 1 = a 0 p + eq = a 0 (p + dkq) + btq, i.e. a 0 R + bR = R. Putting a 0 = r and d = s, we obtain a desired representation of the element a. The theorem is proved. Now define the conditions under which the ring R/aR will be a Gelfand ring, where R is a Bezout ring.
Definition 8. An element a of a ring R is said to be a Gelfand element if for any elements b, s ∈ R such that aR + bR + cR = R there exist such elements r, s ∈ R that a = rs, rR + bR = R and rR + sR = R.
Note that according to [1, 11] we have: Proposition 17. Let R be a commutative ring. Then the following are equivalent 1) R is a Gelfand ring.
2) For any elements a, b ∈ R such that aR + bR = R there exist such elements c, d ∈ R that aR + cR = R, bR + dR = R and cd = 0.
Theorem 18. Let R be a Bezout ring of stable range 2. A regular element a ∈ R is a Gelfand element iff R/aR is a Gelfand ring.
Proof. Let a is a Gelfand element, i.e. a = rs, and rR + bR = R, sR + cR = R for any b, c ∈ R such that aR + bR + cR = R. DenoteR = R/aR,b = b + aR,c = c + aR andr = r + aR,s = s + aR. It is obvious thatbR +cR =R. Then0 =rc, and rR +bR =R,sR +cR =R. According to the Proposition 17, we obtain that R/aR is a Gelfand ring.
IfR = R/aR is a Gelfand ring, we have0 =rc, whererR +bR =R,sR +cR =R for any b, c ∈ R such thatbR +cR =R. Hence, we obtain aR + bR + cR = R and rs ∈ aR, whereb = b + aR,c = c + aR andr = r + aR,s = s + aR. Then rs = at for some element t ∈ R.
Let rR + aR = r 1 R, sR + aR = s 1 R. By Proposition 4, we have r = r 1 r 0 , a = r 1 a 0 , s = s 1 s 2 , a = s 1 a 2 and r 0 R + a 0 R = R, s 2 R + a 2 R = R. Since a is a regular element of R and rs = at, we obtain a 0 α = s for some element α ∈ R. Therefore a = r 1 a 0 , where r 1 R + bR = R and a 0 R + cR = R.
The theorem is proved. Note that in proving the necessity of Theorems 12, 14, 16, 18 , the condition of the regularity of the element a was not used.
Since the classes of commutative P M-rings and Gelfand rings coincide, we obtain the following results.
Proposition 19. Let R be a commutative ring. Then the following statements are equivalent 1) R is a Gelfand ring.
2) For each prime ideal P ∈ spec(a) there exists a unique maximal ideal M ∈ mspec(a) such that P ⊂ M.
Proposition 20. The set of all Gelfand elements of a commutative ring is saturated multiplicative closed set. Definition 9.
[17] A ring R is said to be a ring of regular range 1 if for any elements a, b ∈ R such that aR + bR = R there exists such element t ∈ R that a + bt is a regular element of R.
An obvious example of a ring of regular range 1 is a domain. Less trivial example of a ring of regular range 1 is a semihereditary ring. Indeed, let R be a semihereditary ring and aR + bR = R. If a = 0, we have bR = R and then a + bt = 1 for some element t ∈ R. Note that in a semihereditary ring any element can be represented as er where e is an idempotent and r is a regular element of R. Let a = 0, then for any t ∈ R we obtain that a + bt is a non-zero element of R, i.e. a + bt = er, where e 2 = e and r is a regular element of R. Since aR + bR = R, we have eR+bR = R. Then eu+bv = 1 for some elements u, v ∈ R. Then (1−e)eu+(1−e)bv = 1 − e, i.e. b(1 − e)v = 1 − e and e + bt = 1 for some element t ∈ R. Then er + btr = r, i.e. R is a ring of regular range 1.
Definition 10. A ring R is said to be a ring of avoidable range 1 if for any elements a, b ∈ R such that aR + bR = R there exists such element t ∈ R that a + bt is an avoidable element of R.
Definition 11. A ring R is said to be a ring of Gelfand range 1 if for any elements a, b ∈ R such that aR + bR = R there exists such element t ∈ R that a + bt is a Gelfand element of R.
Since any avoidable element is Gelfand we obtain that a ring of avoidable range 1 is a ring of Gelfand range 1. It is obvious that any neat ring is a ring of avoidable range 1 and a P M * domain is a ring of Gelfand range 1. Theorem 21. Let R be a commutative Bezout ring of stable range 2 and of Gelfand range 1. Then R is an elementary divisor ring.
Proof. Let A = a 0 b c and aR + bR + cR = R.
For the proof of our statement, according to [3] it is sufficient to show that matrix A admits diagonal reduction.
Let aR + bR = dR, i.e. au + bv = d for some elements u, v ∈ R. From the condition aR + bR + cR = R it follows that bR + dR = R. Since R is a ring of Gelfand range 1, we obtain that b + (au + bv)t = k is a Gelfand element for some element t. Then
where, obviously, aR + kR + cR = R and r is a Gelfand element. Then k = rs, where rR + aR = R and sR + cR = R. Let p ∈ R be a such element that sp + cl = 1 for some element l ∈ R. Hence rsp + rcl = r and kp + crl = r. Denoting rl = q, we obtain (kp + cq)R + aR = R. Suppose pR + qR = δR, i.e. p = p 1 δ, q = q 1 δ and δ = px + qy, p 1 R + q 1 R = R for some elements x, y, p 1 , q 1 ∈ R. Then from pR ⊂ p 1 R and pR + cR = R ⇒ p 1 R + cR = R, and from p 1 R + q 1 R = R ⇒ p 1 R + (p 1 k + q 1 c)R = R.
Since pk +qc = δ(p 1 k +q 1 c) and (pk +qc)R+aR = R, we obtain (p 1 d+q 1 c)R+aR = R. As well as p 1 R + (p 1 d + q 1 c)R = R, finally we have p 1 aR + (p 1 k + q 1 c)R = R. By [3] , the matrix a 0 k c admits diagonal reduction. Hence, obviously, the matrix a 0 b c admits diagonal reduction.
The theorem is proved. We also get the following result Theorem 22. Let R be a semihereditary Bezout ring and any regular element of R is Gelfand. Then R is an elementary divisor ring.
Proof. Any semihereditary Bezout ring is a ring of regular range 1 and of stable range 2 [17] . Since any regular element of R is Gelfand, we have that R is a ring of Gelfand range 1. By Theorem 21, the theorem is proved.
By (see [15] ) we can obtain a new result. Theorem 23. Let R be a Bezout domain. Then the following statements are equivalent 1) R is an elementary divisor ring.
2) R is a ring of Gelfand range 1. Proof. If R is an elementary divisor ring then by [10] for any elements a, b, c ∈ R such that aR + bR = R there exists such element t ∈ R that a + bt = uv, where uR + cR = R, vR + (1 − c)R = R and uR + vR = R for some elements u, v ∈ R. By virtue of the Theorem 14, we have that a + bt is an avoidable element. Since a clean ring is a Gelfand ring, then R/(a + bt)R is a Gelfand ring, i.e. R is a ring of Gelfand range 1.Theorem 21 completes the proof.
Moreover, we can prove the next result. Theorem 24. Let R be an elementary divisor domain that is not a ring of stable range 1. Then in R there exists at least one nonunit avoidable element.
Proof. According to the Theorem 22, we obtain that R is a ring of avoidable range 1. Since R is not a ring of stable range 1, there exists at least one nonunit avoidable element.
The Theorem is proved.
